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The capture of mesons 
Part IT 


By B. Bruno 


Introduction 


In a preceding paper [1]' the process uw + P > N was re-examined and cal- 
culations were carried out on an a-particle model of the nucleus. In agreement 
with earlier results [7], it could be concluded that in the case of indirect 
capture with the meson rapidly falling down into a K-orbit (s-orbit) Converst, 
Pancrint and Piccroni’s experiments [4] could not be accounted for on the as- 
sumption that the u-mesons are responsible for a substantial part of the nuclear 
forces. Because of the possible errors in the calculations it seemed, on the 
other hand, not out of the question in the case of direct capture — at least 
with scalar mesons —- to achieve agreement with experimental results, given 
the same assumption. This way out of the difficulties was not, however, taken 
too seriously, since both theoretical considerations concerning the slowing down 
of mesons and the experimentally established law governing the variation of 
the capture probability with atomic number seemed to favour the view that 
the meson is captured indirectly. Recent investigations [8, 12, 21] have supported 
this view, and the question may now be considered as settled. 

We must in all probability rule out the possibility that the time needed for 
the meson to fall down from an orbit with high angular momentum into an 
s-orbit will determine the lifetime for capture. As has been pointed out by 
Occn1ALINI and Power1.[17], it is then difficult to understand the fact that 
negative m-mesons are captured by both light and heavy nuclei, although the 
lifetime for p-decay is about four hundred times smaller than that of the 
w-mesons for f-decay. Estimates of the time needed for falling down into an 
s-orbit also argue against this solution [8; unpublished calculations by FEr- 
RETTI and by BETHE]. 

As already pointed out in Part I, one should, on account of the strong 
interaction between the nucleons, expect a star at the end of most meson 
tracks, if the process w + P—- WN were the dominating one. This does not 
agree with observations. Since the process, just mentioned, is supposed to be 
more probable than the alternative processes, if the s-mesons interact directly 
with the nucleons, the results hint again at an indirect interaction, probably 


1 In the following reference will be made to this as Part I and to formulae in it by 
putting a I before the number of the formula in question. 
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via the heavy mesons, the a-mesons. Calculations on such a model — with a 
capture resulting in a neutral meson — have been carried out by LopGr [15]. 
The agreement with experiments is good, considering the uncertainty of the 
estimates. 

Thus the calculations in Part I are most likely not applicable to the u-mesons. 
Instead, we may use them for a-mesons. The work carried out in Bristot [17] 
and BrrkELey [9, 16] give evidence of stars, where negative «-mesons end in 
photographic emulsions. We may therefore admit the process 


(1) xz +P>wN 
rather than 

(2) aN ay 
or 

(3) vt +P>N+7° 


since the two latter processes will usually give rise to a fairly small excitation 
of the nucleus with a surplus of neutrons. 

The modifications of the results obtained in Part I when applied to scheme 
(1) will be discussed in the following. In this connection some further remarks 
about the calculations in Part I are made. 

The possible considerable errors in the evaluation of the probability of pro- 
cess (1) make a comparison with process (2) desirable, since this, as is known 
from earlier calculations [2, 3, 10, 13], is likely to be only slightly less prob- 
able than the former.t Unlike process (1), process (2) is possible for a free 
proton and can, therefore, be treated with greater accuracy than the latter. 
The binding of the capturing nucleon cannot, however, even here be neglected, 
as will be shown in the following, but will — except for the case of scalar 
mesons — cause a considerable reduction in the probability. The influence of 
the CouLoMB interaction between the meson and the nucleons will also be 
discussed. 


The precess 7 + P~ N 


When applying the results of Part I to scheme (1) the necessary modifica- 
tions arising from the different masses of the z- and mu-mesons are easily car- 
ried out. Another point needs, however, more attention. In Part I the capture 
probability was calculated for an a-particle, which is transformed by the capture 
into a triton nucleus (in its ground state) and a free neutron. The inclusion 
of other possible final states was assumed not to alter the cross sections 
essentially. With increasing mass of the meson the added contribution from 
processes leading to a total disruption of the a-particle will gain in importance, 
since the increase in the number of possible states will partly compensate the 
decrease in the contribution from each state separately. 

_ Because of this and in order to investigate the validity of the special as- 
sumption in Part I, the probability of a capture resulting in a total disruption 


* Tf the mass of the 2°-meson is not too small compared with that of the a -meson, 
process (3) will, on the other hand, be much less probable than process (1) and (2), when 
a slow meson is captured. 
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of the a-particle has been computed in the Appendix.t The calculations refer 
to a vector meson and the nucleons are treated as free in the final state. The 
capture probability, evaluated for a meson with a rest energy of 100 MeV, is 
found to be about 7 times greater than the value obtained in Part I (cf. 
I: 114). The use of other meson theories will not alter the result essentially. 

The treatment of the nucleons as free in the final states implies, however, 
a very crude approximation, because the only part of the wave function of 
the nucleons entering into the calculations is that describing the nucleons when 
all clustered together within a small volume of the order of magnitude of that 
of the a-particle. The interaction between the nucleons cannot then be neg- 
lected. It will bring about a more rapid oscillation of the interesting part of 
the wave function. The destruction by interference, already prominent before, 
will thereby gain in importance causing a reduction in the capture probability. 

A rough idea of the order of magnitude of the correction to be expected 
may be obtained in the following way. After the capture the mean value of 
the kinetic energy of each of the nucleons when widely separated is about 
18 MeV. At small distances the kinetic energy is increased by the depth of 
the effective potential for the nucleon. In the region under consideration a 
doubling of the kinetic energy is by no means unreasonable. The corresponding 
modification in the capture probability, as given by (60) in the Appendix, 
results in a correction factor of about 53,7, thus bringing the probability 
down below that of a final state with a triton.** Because of the uncertainty 
of the estimate of the influence of the interactions in the final state the ar- 
gument is not, however, conclusive. 

Returning to the modifications necessary for the application of the results 
to a a-meson, the following can now be said. The mass of the z-meson, mz, 
will be assumed to be 285 electron masses (rest energy = 146 MeV). If a final 
state with a triton nucleus dominates, when the z-meson is captured, the 
passing over from a 100 MeV meson to a 146 MeV meson will — in the 
case of a pseudoscalar or vector meson — bring about a change in the capture 


' Final states with a deuteron and two neutrons are also possible, but the contribution 
will be comparatively small because of the large radius (small binding energy) of the deuteron. 
No information seems so far to have been obtained about the excited states of the triton. 
If any, they are few and will not substantially affect our results. ; ' 

* It is interesting that a rough estimate of this kind gives a correction factor fairly in- 
dependent of, or even slightly increasing with, the energy of the captured meson. This is 
caused by the choice of the error function for description of the a-particle. A wave function 
of the hydrogen type will, on the other hand, give a correction factor decreasing with the 
energy, which is of course what we would be inclined to expect. — ; 

® The influence of the interaction between the triton and the emitted neutron is, as has 
already been pointed out in Part I, of minor importance, firstly because the triton is satu- 
rated with neutrons and secondly because the correction refers to only one emitted nucleon. 

4 In the ordinary photo-effect a decrease in the cross section 1s consistently caused by 
taking the Covutomp interaction between the emitted electron and the nucleus into con- 
sideration. In the neighbourhood of the absorption edge, where we have the Stoptest effect, 
the cross section for photoabsorption by a K-electron is diminished by a factor oe) io» when 
calculated using the exact wave functions. Considering that the integration involved in phe 
calculations refers to one set of relative coordinates (21, ¥2, v3) instead of three independent 
sets of relative coordinates (e.g. rl), r(13), r(14)) in our case, the comparatively small effect 
is understood. Taking over the result from the photo-effect, we should in our gr a 
a correction factor of the order of magnitude 10-2 a 10~3, agreeing fairly well with the 
value obtained above. This procedure is, however, of course very rough. 
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probability by a factor of about sj, as an easy calculation shows. If again 
the other possible final states make the decisive contribution already for a 100 
MeV meson, the corresponding factor is about j. The two values give the 
limits for the change. 


The process 7 + P+ N+ hy 


General remarks. In earlier calculations on this process the meson and the 
proton were treated as free. In the case of mesons with low energy, the only 
one considered here, it is of course evident that the CouLomsB attraction be- 
tween the capturing nucleus and the negative meson will increase the capture 
probability because of the increased probability of finding the meson near a 
proton. One should expect to be able to correct roughly for this by multi- 


plying by the square of the wave amplitude of the meson inside the nucleus. | 


That this is so in one-step transitions is immediately seen. On the other hand, 
in two-step transitions, which also play an important rdéle, it is not so clear 
how this is brought about. The main contribution here comes from two alter- 
native processes: 


(i) The meson emits the photon and is then absorbed by the proton. 
(11) The proton emits a positive meson; which then annihilates the negative 
meson under emission of the photon. 


In neither of the processes is the meson absorbed in its original state. In 
contrast to the free case, the intermediate state in (i) or (ii) is not, however, 
fixed. Because of the indeterminate momentum of the original meson, several 
ways are possible. The interference of all these gives in the end the prob- 
ability roughly to be expected. 

General arguments concerning the influence of the nuclear bindings can be 
obtained in the following way. Let 


(4) AE = mzce2 


represent the energy converted in the capture process. During the time At 
needed for the event, the localization of A # is undetermined. We can there- 
fore use the time part of H&IseNBERG’s indeterminacy relation 


(5) NE AGEN. 


Influence upon the process is consequently to be expected from a sphere with 
the capturing nucleon at its centre and with radius 


h 


(6) Te Cbs ow 1.35: 10-72 em. 


t 


Thus 7 is at least of the same order of magnitude as the Compron wave length 
of the meson. This is of the order of magnitude of the distance to the neigh- 
bouring nucleons, which must, therefore, be expected to affect the process. 
Since the influence from more distant nucleons, on the other hand, can be 


bo 
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assumed to be relatively small, one is — except for the lightest nuclei ~- 
naturally led to base the calculations on an a-particle model of the nucleus, 
as was in fact done in Part I. ' 

~The discussion is equally applicable to the capture and to the production of 
mesons with low energy. With increasing energy of the meson. the binding 
loses in importance, as is seen from (5) and (6). In the case of processes like 
(1), where the binding is necessary for the fulfilment of the conservation laws, 
this results in a rapidly diminishing probability of the occurrence of the pro- 
cess. In considering other processes the nucleons can be treated as free with 
better and better approximation. 

On the other hand, in processes involving hypothetical mesons with small 
mass and low kinetic energy the influence from more distant nucleons cannot 
be neglected and it is imperative to treat the nucleus as a whole. 

The qualitative arguments will be confirmed and a quantitative estimate of 
the effect of the binding will be obtained from the calculations below. 


Calculations for pseudoscalar mesons. We shall use the notations in Part I 
and assume that the events take place in a periodicity cube of unit volume. 
Let A,(A,7A_) be the electromagnetic four-potential. When introducing the 
coupling between the nuclear and meson fields on one side and the electro- 
magnetic field on the other, we must — in order to secure the gauge invariance 
— make the substitutions 
7 a) a) ve 
¢ Oe LOU ae River e 


everywhere in the LAGRANGIAN describing the nuclear and meson field and 
their interaction. The corresponding modification of the Hamitronian is then 
easily obtained. We thus get the following coupling terms (cf. Part I, p. 21, 22) 


=, nln an rea al SR 
(8 a) Huy = cVAxgps@ U + Taz lPs(8.9) U+ au | a 


| + conjugate complex. 

10 (4. V0) —(V 0") 0} + a2 OO 
a = Aa (Po U — U* Pé). 
ve V4 fps 


hx 


< rr : ea ES 
Sc), Haun =— (S.A) U + conjugate complex) z= i 
where the indices A, M and WN refer to the electromagnetic, meson and nuclear 
fields, respectively. The term Haw has been omitted, since it is unimportant 
for our purposes. j 
In order to use perturbation theory, the unperturbed HAMILTONIAN must be 
brought into diagonal form. This will not be the case if we decompose U 
and Py in plane waves (cf. I: 52), since we must include the CoULOMB inter- 
action. between the meson and the nucleons in the unperturbed term. As 
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the mass of the meson is considerably smaller than that of the nucleus, 
we shall treat the electric field, acting on the meson, as static. In doing 
this, we have in addition nested the variations in the electric field inside 
the nucleus due to the internal motion; a smoothing out of the field is 
thus presupposed. We can now apply the results of SnypDER and WEINBERG 
[18; cf. also 6], who solved the problem of diagonalizing in the presence of 
a static electric field. Modifying their manner of writing we put 


Here V is the electric scalar potential. ap, ap and by, by are creation and 
annihilation operators for positive and negative mesons, respectively. wp satis- 
fies the KieIn-GorDON equation 


(10 a) \(E, —eV)? + i? A — mict} uw =0 
with E, positive, while wu” satisfies the charge-conjugated wave equation (cf. [14]) 
(10 b) (He V ah ey ne 


for positive #”. Thus u/ is an eigensolution of (10 a) belonging to the negative 
energy eigenvalue — H#". The wave functions wu, and uw” do not build up an 
orthonormal set of wave functions but satisfy the relations! 


J (Ep + Ey = 2eV) Up' == 2 Ey Opp! 
(11) ) { (uh)* (BE + BL + 2eV) ul =2 BY dny 
Eee 2eV) uh = 0. 


As in Part I, we shall perform the calculations in the configuration space 
of the nucleons, while the electromagnetic and meson fields are still quantized. 
The perturbation H,, arising from the coupling terms (8), can now in the case 
of m nucleons be written 


(12) H, => HO +.| Had 1? 
S| C 

with 

(13) H® = Hyy (r) + Haun (r) 


where diet) is the volume element of the coordinates r‘°7) relative to the 
centre of gravity r‘™ of the nucleus, considered approximately at rest. 
H'suy(r) is obtained in the same way as ‘Hun (r), which is given by (I: 9, 10). 


* Because of the weakness of the electric field the conditions (11) can always be fulfilled. 
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The matrix element H,,;» for the transition in question can be written 


(14) Hy re == HAirect > 


1,0F 
(é) 


Ay, Nwr S Ay, ri) Ay, Wi) F 
rae I 
Ly ar Kw (ii) Ky = Ew 


where the indices (2) and (77) refer to the two-step processes considered on p. 22. 
The probability of capture for the mesons with low kinetic energy studied here is 
considered as approximately independent of the direction and polarization of the 
emitted light quantum of energy hy. If, however, the capturing nucleus has a spin 
differing from zero, this is not strictly true but can be provided for by averaging 
over the possible spin directions of the nucleus, as is always tacitly understood 
in the following. For the capture probability Pr, per proton in a nucleus 
with n» protons we thus get 


2 : 
(15) Ee en ei 
hin > 


y' 


The summation has to be carried out over all final states of the nucleons, 
while the number of final states op, for the photon per unit energy interval 


is — neglecting the recoil energy — given by 
(hv)? 4 
(16) Opn = 8% Be 


As already pointed out, the main contribution to (15) comes from states of 
the nucleus with fairly small excitation energy (~ 10 MeV).2 We thus have 


Cc 
ae 10-3 cm 
BGs AGED 


(17) hv = m,c? — 10 MeV =~ 135 MeV and 


and @pn can roughly be considered as a constant and taken outside the summa- 
tion in (15). 

In order to avoid complications we shall, moreover, confine ourselves to the 
case where the wave function of the original meson is roughly a constant inside 
the nucleus. This excludes nuclei with n, > 30 or so. It must be remarked 
that the strict solution of the relativistic wave equations (10) in the case of 


an Pe porental approaches infinity slowly at the origin for an s-state (cf. [19]). 
r 


If the ordinary perturbation theory is applied, one would get the result that 
a meson in an s-state of a hydrogen nucleus should be captured in no time. 
There seems, however, to be reason to believe that the potential has to be 
modified at forall distances from the centre of action, so that we get a solu- 
tion which is finite at the origin. 


1 Here a factor 2 arises from the two possible polarizations of the photon. _ 
2 For light nuclei, especially, the capture may, of course, result in. the emission of one 
or more nucleons of low energy in addition to the emitted photon with the residual nucleus 


in its ground state or in an excited state. 
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Using the perturbation theory for a many-body problem, outlined in Part I, 
we can compute the transition element (14). Considering that the energy o 
the original meson is approximately m.c®, we thus get 


‘ 4nivefps he h 
Hiirect — by H'suy.rr ro) = 
ale ia hin V2hv V2mac 
18 
we) u { EIA GCN) - ; : I 
pag up (rUD)* eh Pi,00, Ty gro de 
1 


Il 


where u’ is the wave function of the original meson and g7,o and gro the 


wave functions of the relative motion of the nucleons in the zero approxima- 
tion (cf. I: 32) for the initial and final states, respectively. o” is the projec- 


tion of o” in the direction of polarization e of the emitted light quantum with | 


momentum k. 
Hy, (i) is the matrix i for the emission of the photon by the meson, 
which jumps into a state a. Neglecting the kinetic energy of the original 


meson, we find by means of (8b) 

i Vaniel? eeO® 

(19) Ha, 1=— ~ AE —_ (ul)* eh Vouk dr™, 
Veoh MC Ee 


Because of the large energy and correspondingly small wave length of the 
photon, the integral in (19) is negligible as a result of interference except when 
the momentum of the meson in the intermediate state is of about the same 
magnitude as that of the photon but with opposite direction. For these cases, 
however, the integral is also negligible on account of the operator VY, propor- 
tional to the momentum in the direction of polarization of the photon. In 
comparison with the contribution from the direct transition, the contribution 
from process (i) can, therefore, be neglected. The same is true of process (ii). 
From (15), (16) and (18) it now follows that 


ww lOge ie vee inal 


aw 
20 ph — pe SEA AL, ee eee 2 
( ) Pog (mc)? reer | wt (0) | so ites Ty)| 
where 
fe we eat) 
(21) L (G.lx) = [ vio} De 4 of) rg pr, od tr, 
. j=1 


With the convention on p. 25 >» | I (o. T'y) | is independent of the direction e. 
F 


Disregarding the factors |w(0)|? and 212 (oe Ty)|?/np, (20) is roughly the 


probability of radiative capture of a Ae Ra by a free proton. The influence 
of the CoULoMB attraction is given by | uw (0 ) ?, which is the probability of finding 


1 When comparing (20) with the result obtained by CHane [3] for the free case note 
that the force constant /, in CHana’s calculations is related to fps by | fol =V 221 fpsl- 
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the meson inside the nucleus. Did (oe Ty) |?/mp gives the influence of the 


Al 


nuclear interaction and will be discussed later on. 


Calculations for vector mesons. The calculations for vector mesons are similar 
to those for pseudoscalar mesons. We shall not, therefore, go into the details 
but confine ourselves to some few remarks. 

It is well-known [5, 20] that the Proca equations for vector mesons in a 
CouLtomB field of a point charge give physically admissible solutions only for 
those states in which the orbital angular momentum is a rigorous constant of 
motion. Thus no admissible solutions exist for s-states, and the capture of a 
meson should consequently be excluded. The eee at the origin, which 
are much more grave here than in the case of pseudoscalar mesons, can be 
attributed to the action of the Coutoms field on the magnetic moment of the 
meson. 

This unsatisfactory state indicates that the treatment must be revised in 
one direction or another.’ Assuming a breakdown of the CovuLtoms law at 
small distances from the centre of action so that everywhere 


(22) leV|_<m.c? 


with slowly varying V, no difficulties arise and the unrelativistic solution is a 
good approximation, as can be seen by easy calculations. We shall assume 
below that the condition (22) is satisfied. 

Another point also needs some consideration. Unlike the case with pseudo- 
scalar mesons, the contribution from the two-step transitions (i) and (11) (p. 22) 
cannot be neglected. Because of interference phenomena only intermediate 
states with a meson of momentum ~—k are of importance. The kinetic 
energy corresponding to this momentum is large (~ 60 MeV) and ae meson 

nh eOuT) 
can be represented with fairly good approximation by a plane wave, ef 
Indicating by a dash that the summation has to be carried out with speciticd 


polarization of the meson in the intermediate state we find 


(Ayr h,wer te 5 (wtp): AOD Eada 
(23) pa Sree oi “Ie 


where A is roughly a constant. Putting 
(24) Pah p 
and using the FourreR expansion 


(25 a) E (rD) oD B(P 


0) Dy) 


1 Because of the possibility of pair creation it cannot, for instance, be quite correct to 
use the one-particle description. Deviations are especially to be expected at small Seen 
from the centre of action, where the absolute value of the potential energy is comparable 


with or larger than the rest energy of the meson. 
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with 
Re Ome 
(25 b) B(P)= | ube h dv” 


we get 


F Pe peOn) ce is A yp OD) 6 BAC 
(26) >) | (uh)* eh Gian ap iad WEES dO?) — uh (0)*. 
P 


An analogous discussion applies to process (ii). Thus Hi, rr is roughly pro- 
portional to u’(0)*, which in our approximation is independent of the polariza- 


tion of the original meson. 
Neglecting the difference between mc? and hy we find after rather lengthy 
calculations — similar to those in the free case (cf. [2]) — the following ex- 
pression for the probability of radiative capture: “ih 


21) Py OA Jub OP gp5- Dy Alar 1L(2s) P+ 21 fv PIT (oe Px) PY. 


PR 


Here I (0.7) is given by (21), while we have 
(<< bi ee 
(28) I(T y) — [ gio | eS eh ro PF, 0 dv » 
e j=1 


It is instructive to compare (27) with the corresponding expression for the 
free case, viz. 
dat? o lor P +2 [tr 


29 Prk = 
ey) ie mc he 3he 


The influence of the nuclear bindings. In order to get an idea of the influence 
of the nuclear bindings, we must try to estimate >)|Z (Zw)? and >)|I (0. Ty) |? 
P P 


with £(7y) and I(o.7) given by (28) and (21). 
The functions 


Were ee) 
(30 a) ae San ry! fas 
eal 
and 
° n tn GD ; xy 
(30 b) tu=| De h 0 9" oro 
= 


can be expanded in terms of the eigenfunctions in zero approximation, @:, 0, 


satisfying an equation of the type (I: 91) generalized for a n-nucleon system. 
We thus write 
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|cu= St0s.0 [fctrt = Sota, 


As has already been pointed out, the main contribution to the capture prob- 
ability comes from final states with about the same photon energy.! We thus get 


(31) with 


(32 a) > |P(ExyP = Dabor = f tte: 
P F 
and 
(32 b) DALG Ux) Pf Cir cir. 
PF 


In considering (32) we shall use WicNneR’s [22; cf. also 11 and 24] classifica- 
tion of nuclear states in supermultiplets, analogous to the multiplets in the 
case of atomic electrons. As quantum numbers WiGNER uses the components 
Sz and 73 of the total spin and total isotopic spin together with 


(33) Ve > of) 1), 
j=l 


A supermultiplet is characterized by the symbol (P, P’, P”) with P=P’=P”. 
P is the highest value of, for instance, 73 in the supermultiplet, while P’ is 
the maximum value of, say, S3, if 73—=P; P” is then the highest value of 
Y3 consistent with the choice 73 =P and S; = P’. 

In WIGNER’s »lst approximation» the potential energy is independent both 
of the orientation of the spins and the charge states of the nucleons. The 
terms within a supermultiplet then all have the same energy. The usefulness 
of the concept of a supermultiplet is understandable for the following reasons. 
Firstly, the splittmg up of the terms in a supermultiplet, due to the spin 
dependent forces, is small compared with the magnitude of the distance be- 
tween different supermultiplets in the »lst approximation». Secondly, the de- 
pendence of the energy upon 7’3, due to the electrostatic forces, is approximately 
linear within a 7-multiplet and a graph of energy against 73 shows about the 
same slope for all 7-multiplets. The ground state of a nucleus will, therefore, 
be essentially a state belonging to the lowest supermultiplet in the »lst ap- 
proximation», consistent with the value 73, characterizing the charge state. As 
the energy of a supermultiplet increases with the magnitude of the numbers 
P, P’, P’”, the lowest supermultiplet will, in general, have P = 73 = ies The 
admixture of states belonging to higher supermultiplets increases, however, with 
increasing mass number because of the decrease in the magnitude of the 
energy difference between neighbouring supermultiplets. The following discussion 


1 The contribution from highly excited states of the nucleus must be expected to be small 
on account of interference phenomena in the integrals (21) and (28). The presence of the 


ni) 


functions e!4 


in the integrals does not affect the validity of the argument, since the 
kinetic energy of a nucleon corresponding to the momentum k 


is only about 10 MeV. 
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does not, therefore, apply with the same degree of accuracy to heavier as to 
lighter elements. 

In order to illustrate the discussions on p. 22, we shall estimate for different 
values of the meson mass. 


A. Small Masses 


With a meson mass ~ 20 me (m = electron mass) or so, the wave length of 
the emitted photon is large compared with the eokee radii. In the expres- 


Bore, AGA 
sions (30) for ¢; and Cz; we can, therefore, put e h = 1. 
With the notation 
(34) F={ gioF 1,0 


where F operates on @r,0, we get 


(85) [Chor = D) PO Dy 10° = (2 — 17) (T+ 17s) = 2 (CS 1), 


Hence in our approximation 


(36) (eG. 
Exception. Elements of the »proton type» (73 =— 4; T= 4) have by (35) 
jena 


| Further we get 
(th cu= » 6 TOs ey, of) TO* = 
(37) =} (6M MO — 469 YD) d (MY + 169) = 
= (>) 0 wy? + (3 yo 9)? — 7, 


4 S oc and 4 », o” cY are infinitesimal rotation operators acting in the four- 
dimensional unitary space of o and t together. Since they have only transition 
elements within a supermultiplet, the mean values of (37) must be independent 
of the example chosen. 

In the case of the supermultiplet (73, P’, P’’) we can thus choose the simple 
problem with ns = 273 neutrons. Putting (cf. notations of I: 95) 


(38) yp = 7) 42 --- 4s) 9 


with # dependent on spin and space coordinates only, we find directly 


(39) fere Cir =[v ap of) TO. > PT)" y = =i 
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Exceptions: 1) For elements of »proton type», belonging in our approximation 
to the multiplet (4, 4, 4), we get | cir Ory =e 

2) For elements of »deuteron type» with T3—=0 and n=4k + 2, the lowest 
supermultiplet is (1, 0, 0)." The triplet state (S=1, T= 0) is assumed to be 
the lowest one within the multiplet. The matrix elements of (37) are here 
independent of the direction e as a result of our convention implying an 
averaging over the possible spin directions of the nucleus (cf. p. 25). Instead, 
we can average over e. Using the matrix elements, given by WIGNER [23] for 
the multiplet (1, 0, 0), we find { Cir Ci a= 2" 


From (20), (27) and (32) it can now be seen that the probability of radiative 
capture for pseudoscalar or vector mesons is small with the exceptions already 
mentioned. In the latter cases the probability is, however, also smaller (except 
for some of the lightest nuclei) than a treatment neglecting the bindings would 
have given; the expressions (32) would then be equal to np. In agreement 
with earlier arguments, it is, therefore, in the case of small meson masses im- 
perative to take the bindings into account and treat the nucleus as a whole. 

The close analogy to the selection rules in Fermi’s and Gamow-TELLER’s 
formalism for the /-radioactivity is conspicuous. 


B. Large Masses 


In the case of large meson masses it is no longer legitimate to neglect the 
exponential functions in (30). Since 


n 


(40) > TOT? = my 
1 


we find, using the symmetry properties of the wave function 7,0 


[ou So ee Te 
a fy Sieve 
oi alee TON 
and 
ay, . (12) ) ; 
a1) f therm emmy. oo TTS. 


1 The multiplet (0, 0, 0) is impossible for n= 4kh+2, as P, P’ and P” must always 
satisfy the relation 
P+P’4+P”=2m— gn 


here m is an integer (cf. [24] p. 284). : =! 7 
a 2 Because of He cues of Coutoms interactions in a deuteron, the validity of the result 


is for a deuteron — on the assumption of charge independence of the eis a mm 
only subject to the approximation arising from neglecting the exponential functions in F 
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From the above discussions it follows that the second terms on the right- 
hand sides of the relations (41) are very nearly equal to — mp» for small & — 
with the exception of elements of »proton» and »deuteron type», where they 
amount approximately to — np» + 1 and — ny + 3, respectively. In the case 
of large k, corresponding to a wave length of nuclear dimension, the exponential 
function cannot be neglected, but will diminish the magnitude of the terms 
under consideration by interference. In the limit we must expect the value 
of the integrals (41) to be very close to mp. The resulting capture probability 
is then the same as that obtained by treating the nucleons as free.* 

Noting that the Compron wave length of the meson is approximately equal 
to the wave length of the emitted light quantum the parallelism to the discus- 
sion on p. 22 is evident. 

Instead of varying the meson mass we could of course let the mass be fixed 
and change the kinetic energy. The alterations in the calculations are almost 


obvious, and expressions of the type (32) will again determine the influence of _ 


the bindings, thus leading us to the same conclusions as above. 


The use of the «-particle model. In the intermediate case with a meson mass 
neither sufficiently small or large the estimates cannot be made with the same 
degree of confidence. The interesting value of the mass (mz ~ 285 me) 1s just 
of this magnitude. In accordance with earlier considerations we shall for this 
case use the a-particle model of the nucleus. 

Putting 


(42) 71,0 = pata 


where g4 1s the antisymmetrical wave function (I: 97) for spin and charge and 
fa the error function (I: 107), we find by means of (41) with np = 2 


nat ares oe ie =D) 
Créer =) CirGm = 2 aoe. Pd) = 


(43) 2 
=2 (1 —= cra) = 


s/D9 


Here the values 


ji 
; 2145) 0 53) ciriesrane: ae = 3.7: 10=2-em 
V be 
from (17) and (I: 110) have been used. Generalizing we get 
(44) [aia [citu~®. 


Thus we are inclined to believe that the influence of the nuclear bindings 
can be accounted for by correcting the probability of radiative capture for 
free nucleons by a factor of about 1/3. This apples to mesons of low kinetic 


1 . 
If the meson mass is of the same order of magnitude as M or larger, our calculations 


ei no longer applicable. The necessary modifications will not, however, affect our con- 
clusion. 
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energy. Tt is not, however, difficult to see that even in other cases the nuclear . 
bindings will introduce a correction factor roughly amounting to 


ke 
(45) Tee en (ke = meson energy). 
| Thus for example, if the kinetic energy of the meson is equal to its rest 
energy, the correction factor is about 0.8. 


| The capture of scalar and pseudovector mesons. In the case of pseudovector 
_ mesons the coupling Hwy, responsible for the direct transitions, contains only 


terms proportional to S, or M;; (I: 85). These operators introduce the com- 
ponents 7,(j) and gr, (ef. I: 32), which are relativistic of the first order. 
The contribution from the direct transitions is, therefore, much smaller than 


in the case of vector mesons, where Sy and Mj; are replaced by S, and Mj;. 
_ The indirect transitions give, on the other hand, as can easily be seen, a con- 
tribution of about the same magnitude as for vector mesons. The probability 
_ of radiative capture is, therefore, nevertheless of roughly the same order of 
magnitude for both kinds of mesons. 
The replacement of S by S in Hwy (cf. 8 c) for scalar mesons brings about 
a considerable reduction in the capture probability compared with that for 


pseudoscalar mesons. Using the approximation 
1 
(46) P10) = 59g (0 P™) Y1,0 


and the corresponding one for gr,(j) — implying that the motion of the centre 
of gravity is neglected — the capture probability can be obtained from that 


for pseudoscalar mesons (20)! by substituting >)|Z'|? for >)|Z(o- Tw)? with 
F F 


i 
| 
| 
| 
| 
| 
. 


GT) ee OD) 


(47) if =sa7, { oho Ds [co p) a.” eh kK: 15; 22(6- p)| 79 pr,odt, 
j=1 


Introducing the function 


Ue TE) Bee ee) 


. i). nD) pe i ( (G0). ») | park 
(48) Cg = > | (o- Ge i eh Oe (6 p" Le | PT, 0 
j=1b 


we get (cf. p. 28, 29) 


1 74 1 see Bis 1 AE CNR UR Aes gy\ Ze 
Dip h olen) So pee Gd gee aE [ke ae os Pl ty) (Ono 
me Ze | = cee | es cme |v Di 3 DP ) ( 3 J 


Np 


~ 4M 


Np 


80 


(B+ $n) = 


1The two-step transitions (i) and (il) (cf. p. 22) also give negligible Serkan 
scalar mesons. As the relativistic components of the wave functions mus i a, on abe 
account, a closer examination of the process in which the photon is emitted by the capturing 


nucleon is, however, necessary. It can be shown that the contribution from this process 
> > 


may also be neglected. 
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where we have put p”/2M ~ 10 MeV. The probability of radiative capture 
for scalar mesons is thus smaller than that for pseudoscalar mesons by a 
factor 25 or so. 

It is seen from (49) that the internal motion of the nucleus is of importance. 
The treatment of the nucleons as free and at rest gives a capture probability 
about one half of that obtained if the bindings are taken into account. 


Comparisons 


We are now ready to compare the probability of process (1) (w@ +P N) 
with the probability of process (2) (7 +P—-N+hyv). Choosing the case of 
vector mesons, we get from earlier discussions and with the help of (I: 114) a 
probability of the former process given by 


slav |? + 2l fri ie 
(50) Py =a | ut (0) /? Se Te NOS"). C66 en. 


Here (ae (0) ?, being the square of the amplitude of the wave function of the 
meson inside the nucleus,; shows the influence of the electrostatic interaction 
between the meson and the nucleons. The factor a, roughly satisfying 
v9 =a} (cf. p. 22), is the correction necessary when changing the mass 
from ~ 200 me to 285 me, while f is the correction arising from the possible 
errors in the calculations in Part I. 

The probability of radiative capture is, on the other hand, from (27), (32) 
and (44) given by 


+ 2|frP 
3he 


2 
(51) Prk = | u® (0) p lor 6+ 10> e*senr 


As has already been pointed out, the great frequency of stars, where negative 
a-mesons end in photographic emulsions, indicates that process (1) dominates 
for slow mesons. Since it seems as if (51) could be used with fair confidence, 
it must, therefore, be considered as a lower limit for the probability of pro- 
cess (1), the calculation of which is afflicted by much more grave sources of 
error. 

In order to attain consistency it seems thus necessary to assume that B > 1. 
However, in Part I reasons were given for believing that the most important 
sources of error in the calculations will cause a reduction in the capture 
probability. This view is further supported by the discussion in this paper 
about the contribution from other final states than that containing a triton 
and an emitted neutron. If the experiments are correctly interpreted, a defi- 
ciency in the theory seems, therefore, to be indicated. 

Nothing much is changed by applying the above discussion to pseudoscalar 
or pseudovector mesons. The capture probability seems to be roughly the same 
as for vector mesons. In the scalar case the calculations indicate a considerably 
smaller probability of both capture with and capture without photoemission. 
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Appendix 


We shall treat here the case where the capturing of the meson by an 
a-particle leads to its disintegration into four free nucleons, three neutrons and 
one proton, without simultaneous emission of any quanta (photon, neutral 
meson). The interaction between the nucleons in the final state is neglected 
and we may represent the wave functions of the initial and final states by 


© ED) « AL) 
|v == gren! 


= je 

Lae y pi . ph) 
ig oe 

pr=opre *! 


(52) 


where gy; and wr describe the spin and charge states and gr also depends on 
the relative coordinates of the nucleons. 

The calculations are very similar for different meson theories with quite 
analogous results, and we may therefore confine ourselves to the treatment of 
vector mesons with the further limitation /, = 0. The transition element corre- 
sponding to (I: 80) is then given by 


har) (2a 


4 x 
(53) Hire, © = FH. _ vino a (p® - &) rp. pr,odt) --- dr 
v k=1 


where the index 0 refers to the unrelativistic approximation of the wave 


functions. 
In conformity with the calculations in Part I, we shall use the representation 


(54) 9r,0= vata 


where ga is the antisymmetrical spin and charge function (I: 97) and f4 the 
symmetrical error function (I: 107). We shall further choose 


(2) C8)! C4). 


(55) OF, 0 = Hae aie ye Ge : a Yn Yn Vp + 


Permutations of spin and charge indices will give other possible choices. We 

have in all 24 different possibilities, each giving the same contribution to the 

capture probability. 
Using (54) and (55) and putting p\” =0 we get after some easy calculations 


4 
" py «hk 


hov ie Gy 5) pte) hi 
(56) Hurne= ss | eRe Py) e | f fae 


HY 


dita. 


Introducing coordinates of the centre of gravity and relative coordinates, the 
integration over the former gives as usual the conservation law, 1. e. 


4 
(57) id ae al 


1 
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Performing the remaining integrations we obtain 


Fy pO. ‘ pe ie 
i= ot UM \3 Buy h? 
(58) | fase dr bares ke ely 
with 
lite | 
Fin oe eB ee (ky? | 
(59) Exin 2M pa Pr 2 | 


Taking into consideration the 24 possible ways of choosing the spin and 
charge dependence we now get the total capture probability per proton + 
M Exin 


me hh cx a \? pare 4g I? 
(60) Py == 24 — pa |, he or= 21 y M2? (= lgv|?e 


2 2 
Da {(p® — p®)-e} 
F 


where the summation has to be carried out over all final states per unit energy 
interval excluding differences in spin and charge dependence. We get further 


(61) DiAtPP — PQ) ei. = ea ae 


F F 
Neglecting pa pP: p®, which is comparatively small, and using the symmetry 


with regard a the four nucleons, (61) is simplified to 


(62) > (Cp? Ta Pp) : ef?) }? as 4 Be, M Exin == iM Exin CER 
F F 
where oz, is the number of final states per unit energy interval. 


The calculation of gy, can be performed in the following way. Using the 
conservation law (57) we get 


(63) Eo = Eee aM tes \ ip)? S (1) 7 2 
P= Exin C “9M |= + (> pe) frame 

Putting 

(64) y= 2M Bryn 

and introducing 

(65) In | d pip dp d py 


3 3 2 
where the integration is extended over the volume >) pd + ( ~ rt) = yy, 
a2 


1 
we may then write 


ee ref t f 4 i int ion 1 1 
V ers to a free meson. The influence of the CovuLoms interaction is approximately 


accounted for by multiplying P- by the square of the wave amplitude of the meson inside 
the nucleus. 
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(66) 


With the new variables 


(P= PP + 3 (pe + p 


(67) 


I, is transformed into 


(2) 
P 2 


_ MM di, 
EO yh? dy 


j= 


bee = (2 


(3) 


(Pi + 3 PP) 


Bp 


(68) 22 | dp dp® d p® 


3 
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the integration being now extended over > <y?/2. Apart from the fac- 
n 


tor 2 eo, (68) represents the volume of a nine-dimensional sphere with radius 
y/V2. The volume must be of the form cy (y/V2)® and the value of cy may 


be taken from the relation 


giving 

(70) 

Hence 

(71) 

and using (66) 


(72) CE, 


9 
dé, - d&g = sates 
(2 x)? 
neat 
ame y 
ATO ie 
Fie 05) 
4n* M 7 
a OTL TO 2M Exin Oe 
105 7 | Be) 


From (60), (62) and (72) it now follows that 


; at ie \ ha 
(73) Py (=) 


~ 212.105 \ i, 


(2 


M Exin 


ers Cision 


2 


3he 


If the fy-dependent part of the interaction is taken into account, | gy |? has to 


be replaced by |gr|? + 2|fr|?, as is easily verified. 
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Py can now be compared with the probability Py (I: 114) of a capture re- 
sulting in a triton nucleus and an emitted neutron. The evaluation refers to 
a meson with a rest energy of 100 MeV. Consequently we have 


Exin = 70 MeV. 


With the values of ce and pe given by (I: 108 a) and (I: 110), we ultimately 
obtain 


(74) Py ah IP. 


SUMMARY 


The results of a preceding paper [1] are applied to the process 7 + PN. 


The modifications necessary when passing over from a meson mass of about — 


200 me to mz ~ 285 me are discussed. The a-particle model of the nucleus is 
used and special attention is payed to final states implying a total disruption 
of the a-particle, as these will gain in importance with increasing mass of the 
meson. The calculations refer to the capture of slow mesons. 

Because of the great uncertainty of the estimate of the probability of the pro- 
cess, a comparison with the probability of radiative capture (7 + P> N + hy) 
is made. Since the frequency of stars at the end of az -meson tracks indicates 
that the former process dominates, a lower limit of this is thus assumed to be 
obtained. The limit seems, however, to be somewhat too high to be in good 
agreement with the estimated probability of capture without. photoemission. 

It is further shown that the influence of the nuclear bindings cannot be 
neglected when evaluating the probability of radiative capture, but can — ex- 
cept for cue case of scalar mesons — be roughly accounted for by the factor 
l1—e l"ah*, where & is the momentum of the emitted photon and 1/ V pe = 
~ 3.7-10-'8 cm. In the case of the capture of a slow a-meson the factor is 
about 1/3. 

General arguments are given for the use of the a-particle model when a 
slow meson is captured or produced. 


In conclusion I want to thank Prof. O. Kiern for his encouraging interest 
in this work and for helpful discussions. 


Stockholms Hogskola, Institutet for mekanik och matematisk fysik. January 
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